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Abstract
It is first argued that radiation by a uniformly accelerated charge in flat space-time indicates
the need for a unified geometric theory of gravity and electromagnetism. Such a theory, based
on a metric-affine U4 manifold, is constructed with the torsion pseudo-vector Γµ linking gravity
and electromagnetism. This conceptually simple extension results in (i) Einstein’s equations
being modified by a vacuum energy ΓµΓν and a scalar field Γ = Γ
µΓµ whose zero-mode is a
cosmological constant Λ representing ‘dark energy’, (ii) most of the salient features of ‘dark
matter’-like phenomena, (iii) a modified electrodynamics satisfying Heaviside duality, (iv) a
finite and small Casimir Effect, and at the same time, (v) the empirical Schuster-Blackett-Wilson
relation for the amazingly universal gyromagnetic ratio of slowly rotating, neutral astrophysical
bodies.
1 The Equivalence Principle
The Equivalence Principle, together with the requirement of covariance of the laws of physics under
the most general coordinate transformations, constitutes the physical basis of Einstein’s General
Theory of Relativity. It consists of two statements:
Universality of Free Fall or Weak Equivalence Principle (WEP)
All test bodies fall in a gravitational field with the same acceleration regardless of their mass or
internal composition.
This is Galileo’s law of falling bodies which is incorporated in Newton’s theory of gravity through
the equality of gravitational and inertial mass which has been confirmed to high precision by the
Eo¨tvo¨s experiment. Einstein enunciated a stronger form of the principle which states that the motion
of a test particle in a locally homogeneous gravitational field is physically indistinguishable from that
of the particle at rest in a uniformly accelerating coordinate system. It has also been stated in the
form [1]:
Einstein’s Equivalence Principle (EEP)
For every infinitesimally small world region in which space-time variations of gravity can be ne-
glected, there always exists a coordinate system in which gravitation has no influence either on the
motion of test particles or any other physical process.
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This means that a homogeneous gravitational field in an infinitesimal world region R (strictly
speaking only at the centre of mass of an Einstein chamber or lift) can be ‘transformed away’ relative
to an observer in free fall in that field. However, for practical tests of the principle it is often difficult
to specify the region R over which the gravitational field is strictly uniform and can be transformed
away. This is why the following statement is preferred by some [2]:
For every infinitesimally small world region in which space-time variations of gravity can be ne-
glected, there always exists a coordinate frame in which, from the point of view of the co-moving
observer, gravitation appears to have no influence on the motion of test particles, or on any other
natural phenomenon, but only as to local measurements that ignore the motion of test objects with
respect to the source(s) of the field.
In order to have a clear understanding of Einstein’s own statement of the principle, let us look at
how he actually argued in his 1916 paper [3]. Let us consider a Galilean frame K relative to which
test particles of different masses are at rest or in uniform motion in a straight line in a world region
R which is far removed from other masses, i.e. free of any gravitational field or any other force,
and is flat and Minkowskian. Let K ′ be a second co-ordinate system which has an arbitrary uniform
acceleration relative to K. Relative to K ′ all the particles experience the same acceleration in the
opposite direction independent of their material compositions and physical conditions.
To an observer O′ at rest relative to K ′, K ′ has no acceleration. Can O′ conclude that she is
in an actually accelerated reference system? The answer is ‘no’ because the common accelerated
motion of the freely moving masses relative to K ′ can be equally well conceptualized by saying that
K ′ is not accelerated and that in the world region R there is a homogeneous gravitational field which
generates the accelerated motion relative to K ′. This conception is feasible because we know that
the gravitational field has the remarkable property of imparting the same acceleration to all bodies.
Hence, from the physical point of view the two frames K and K ′ can both be regarded as Galilean with
the same legitimacy, i.e., they are to be treated as equivalent systems of reference for a description
of physical phenomena.
Thus, acceleration is shorn of its absolute character and, like uniform velocity in a straight line,
rendered relative. In the full theory, space-time is no longer Minkowskian and assumes a dynamical
nature whose geometry is determined by the actual distribution of masses, and forces disappear
altogether from the theory. Minkowski space-times linger in the theory only as tangent planes to a
pseudo-Riemannian manifold. This is a very important point that will be exploited in what follows.
According to Einstein, the physical equivalence of K and K ′ also follows from an epistemological
argument due to Mach (a component of what is known as Mach’s Principle). In Newtonian physics
a uniform velocity in a straight line is relative and cannot be physically distinguished from rest, but
acceleration is absolute. This is because space against which acceleration can be measured is absolute.
But absolute space is not observable. Newton was aware of this problem as his comments on the
famous rotating bucket experiment clearly show. Mach put forward the epistemological principle
that something can be said to be the cause of some effect only when that thing is an observable fact
of experience. In other words, the law of causality can be given a meaningful statement about the
world of experience only when observable facts alone appear as causes and effects. Since absolute
space is not an observable fact of experience, there is no observable ground on which K and K ′ can
be distinguished. Hence both can be treated as inertial or Galilean frames with equal legitimacy, and
what appears to be a uniform gravitational field relative to K ′ disappears relative to K. With this
clearly in mind, let us now pass on to the case of charged particles.
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2 EEP and Electrically Charged Particles
According to standard classical electrodynamics texts, an accelerated charge invariably radiates elec-
tromagnetic waves. However, there is a “perpetual problem” as to whether a uniformly accelerated
charge radiates in flat space-time [4]. In the non-relativistic limit the equation of motion of a charged
particle is
m~a = ~Fext + ~Freact (1)
where the first term is an external force on the particle due to a gravitational or electromagnetic field
and the second term is the radiation reaction force given by
~Freact =
q2
6πǫ0c3
~˙a +O(v/c). (2)
Since ~˙a = 0 for uniform acceleration, ~Freact = 0 and it has been argued by many that this means
there is no radiation [1, 4, 5, 6]. Now, this view is consistent with EEP because of the following
reason. Suppose there are two particles of the same mass but only one of them is charged. Then,
if they are accelerated by the same gravitational force, the charged particle will radiate but not the
neutral particle. Consequently, the charged particle will lose energy and decelerate compared to
the neutral particle. That will violate WEP (and hence EEP) which requires both of them to have
the same acceleration. One way to reconcile standard electrodynamics with EEP is to argue that
the equations of standard electrodynamics actually do not imply that uniformly accelerated charges
radiate, as briefly shown above. However, this claim has been in a mire of controversy [7]. The
radiation reaction or self-force, also known as the Lorentz-Abraham-Dirac (LAD) force, is known to
have pathological solutions like pre-acceleration and run-away solutions. A recent review of the field
will be found in Hammond [8].
In 1955 Bondi and Gold claimed that within the context of General Relativity a static charge in
a static gravitational field cannot radiate energy, thus appearing to violate a particular version of the
equivalence principle [9]. They resolved this paradox by showing that hyperbolic motion requires a
homogeneous gravitational field of infinite extension and that such a field does not exist in nature.
The ensuing debate by DeWitt and Brehme [10], Fulton and Rohrlich [11], Boulware [12], Parrott
[13] and others has been reviewed by Grøn [14] and Lyle [15], and the matter still remains unresolved.
One of the main concerns is whether the controversial radiation is consistent with EEP.
Let us turn the question around and ask: under what conditions can radiation by a uniformly
accelerated charge in flat space-time be reconciled with EEP without requiring the controversial
radiation reaction force? The first point to note is that since General Relativity requires acceleration
to be relative, and only an accelerated charge can radiate, electromagnetic radiation must also be
relativized. In other words, radiation and gravity must be generated and also transformed away by
the same coordinate transformation. This requires some sort of unification of electrodynamics and
gravity.
To elaborate the point consider a test particle A with charge in an infinitesimally small world
region R which is sufficiently far removed from all other bodies and hence flat and Minkowskian.
Let K be a Galilean frame relative to which A is at rest. Relative to another frame K ′ which
has an arbitrary uniform acceleration relative to K, A obviously has a uniform acceleration and
radiates. As we have seen, an observer O′ at rest relative to K ′ can legitimately consider K ′ to
be at rest and Galilean, and conceptualize the observed radiation by a uniformly accelerated A by
saying that in addition to the usual homogeneous gravitational field, the world region R possesses
another homogeneous gravitational field of electromagnetic origin which keeps the acceleration of A
uniform as it radiates. The radiation and the associated gravitational acceleration must be such as
to disappear relative to K.
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Now consider the Poynting theorem
∂ρ
∂t
+∇.
(
~E × ~B
)
= 0 (3)
where ρ = 1
2
[ǫ0 ~E. ~E+
1
µ0
~B. ~B] is the energy density of the electromagnetic field inR and ~S = 1
µ0
( ~E× ~B)
is the Poynting vector. This means
div~S = −∂ρ
∂t
≡ P, (4)
and div~S > 0 only if P > 0. Hence, a positive ρ must exist for radiation to occur. Let us now
consider the special case of a single charged body A which is both stationary and accelerating. For
example, a charged body in a homogeneous gravitational field can be held fixed at a point relative
to a Galilean frame K ′, and yet it is also subject to a proper gravitational acceleration. If we set
~vA = 0 relative to K
′, we get from Poynting’s theorem
div~S = −∂ρ
∂t
= 0 (5)
in a static condition. Hence, such a charged body does not radiate relative to O′. However, the
body will be accelerated relative to K, and hence will radiate relative to it. Thus, like gravitation,
radiation must be relativized once the principle of relativity is extended to all coordinate frames no
matter how they move relative to one another. Some of the debate in the literature stems from a
failure to see this point.
It must be emphasized that one is not arguing for an equivalence principle for electromagnetism
as a whole because, unlike mass, electric charge q can be positive and negative, and the q/m ratio is
not universal. The issue is whether radiation by a uniformly accelerated charge requires a unification
of gravity and electromagnetism.
Before concluding this section, it would be worthwhile to recall how Einstein summarized the
situation regarding his Equivalence Principle and his theory of gravity [21]:
In fact, through this conception we arrive at the unity of the nature of inertia and grav-
itation. For according to our way of looking at it, the same masses may appear to be
either under the action of inertia alone (with respect to K) or under the combined action
of inertia and gravitation (with respect to K ′).
The above analysis shows that it would be possible to make a similar statement about EEP and a
unified theory of gravity and electromagnetism, if it were to exist, namely that through the above
considerations one
would arrive at the unity of the nature of inertia, gravitation and electromagnetism. For
according to this way of looking at it, the same bodies may appear to be either under the
action of inertia alone or under the combined action of inertia and unified gravity and
electromagnetism.
We will now proceed to construct such a unified theory.
3 Unification of Gravity and Electromagnetism
A proper understanding of how gravity and electromagnetism can be simultaneously generated or
transformed away by a general coordinate transformation requires a proper unified theory of the
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two fields at the classical level. Goenner has written a history of such unified theories [16]. They
were abandoned in the past because of several reasons. First, they attempted to solve ‘all problems
regarding the elementary particles of matter with the help of classical fields which are everywhere
regular (free of singularities)’ [17], which proved unsuccessful. Second, quantum mechanics and
nuclear physics were discovered, and the hope of achieving any fundamental understanding in purely
classical terms was given up. Third, the electromagnetic and gravitational coupling strengths are
enormously different, and any symmetry between these fields must be badly broken, but the idea of
broken symmetries that can be restored in some regime was then unknown.
We will take the point of view that unlike the nuclear interactions, gravity and electromagnetism
are the only two long range fields that are already very well described in classical terms, and hence
a search for their unity in purely classical terms without being ambitious to solve ‘all problems
regarding the elementary particles of matter with the help of classical fields which are everywhere
regular (free of singularities)’ would be worthwhile, particularly because no attempt to quantize
gravity has been successful so far. The immediate motivation for the search for unity, however, comes
from the requirement of EEP in the presence of charged particles as discussed in the previous section.
After Weyl’s and Kaluza’s attempts at unification, it was Eddington [18], supported by Einstein
[19, 20], who first proposed to replace the metric as a fundamental concept by a non-symmetric
affine connection Γ and a non-symmetric metric g which can then be split into a symmetric and an
anti-symmetric part. Just as passing beyond Euclidean geometry gravitation makes its appearance,
so going beyond Riemannian geometry electromagnetism appears naturally as the anti-symmetric
part of the metric without requiring any higher dimensional space. Let M(Γ, g) be a smooth U4
manifold with signature (−,+,+,+) and endowed with a non-symmetric linear connection Γ and
a non-symmetric metric g. If one splits the non-symmetric connection into a symmetric and an
anti-symmetric part,
Γλµν = Γ
λ
(µν) + Γ
λ
[µν] , (6)
Γλ(µν) =
1
2
(
Γλµν + Γ
λ
νµ
)
, (7)
Γλ [µν] =
1
2
(
Γλµν − Γλνµ
) ≡ Qλµν , (8)
then Γλ[µν] is called the Cartan torsion tensor and Γµ = Γ
λ
[µλ] the torsion pseudovector. One can also
split the non-symmetric metric gµν into the symmetric and anti-symmetric tensor densities
sµν =
1
2
√−g (gµν + gνµ) ≡ 1
2
(g¯µν + g¯νµ) =
1
2
√−gg(µν), (9)
aµν =
1
2
√−g (gµν − gνµ) ≡ 1
2
(g¯µν − g¯νµ) = 1
2
√−gg[µν]. (10)
To restrict the number of possible covariant terms in a non-symmetric theory [21], Einstein and
Kaufman imposed transposition invariance and Λ-transformation invariance on the theory. Let us
first note the definitions of these symmetries.
λ-transformation or projective symmetry
Define the transformations
Γλ∗µν = Γ
λ
µν + δ
λ
µλ, ν ,
gµν∗ = gµν , (11)
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where λ is an arbitrary function of the coordinates. Then the contracted curvature tensor
Eµν = Γ
λ
µν, λ − Γλµλ, ν + ΓξµνΓλξλ − ΓξµλΓλξν (12)
which is the generalization of the Ricci tensor Rµν to the non-symmetric theory, is λ-transformation
invariant. What this means is that a theory characterized by Eµν cannot determine the Γ-field
completely but only up to an arbitrary function λ. Hence, in such a theory, Γ and Γ∗ represent the
same field. Further, this λ-transformation produces a non-symmetric Γ∗ from a Γ that is symmetric or
anti-symmetric in the lower indices. Hence, the symmetry condition for Γ loses objective significance.
This sets the ground for a genuine unification of gravity and electromagnetism, the former determined
by the symmetric part and the latter by the antisymmetric part of the action.
Transposition symmetry
Let Γ˜λµν = Γ
λ
νµ and g˜µν = gνµ. Then terms that are invariant under the simultaneous replacements
of Γλµν and gµν by Γ˜
λ
νµ and g˜νµ are called transposition invariant. For example, the tensor Eµν (12) is
not transposition invariant because it is transposed to
E˜νµ = Γ
λ
νµ, λ − Γλλµ, ν + ΓξνµΓλλξ − ΓξλµΓλνξ. (13)
However, if new quantities
Uλµν = Γ
λ
µν − Γαµαδλν , Uλµλ = −3Γλµλ
Γλµν = U
λ
µν −
1
3
Uαµαδ
λ
ν , (14)
are introduced, then the contracted curvature tensor expressed in terms of the Uλµν ,
Eµν(U) = U
λ
µν, λ − UλµβUβλν +
1
3
UλµλU
β
βν , (15)
is transposition invariant. However, as Pauli pointed out, EEP is entirely missing from a unified
theory based on Eµν(U) [17]. He also observed that such theories ‘are in disagreement with the
principle that only irreducible quantities should be used in field theories’ and no cogent mathematical
reasons were given as to why the decomposition of the quantities (E(U), g,Γ) used in the theory do
not occur.
A variant of Bose’s 1953 theory
In 1953 S. N. Bose [22] proposed a variation of Einstein’s idea in which, unlike Einstein, he did
not set the torsion pseudovector Γµ to zero and also used irreducible quantities. We will develop a
variant of Bose’s theory with additional λ-transformation symmetry or ‘projective symmetry’ as it is
called now. A matter Lagrangian Lm(ψ, g,Γ) obtained by minimally coupling matter fields ψ to the
connection is not generally projective invariant. Hence, once the matter Lagrangian is introduced,
projective symmetry is explicitly broken. We will first formulate a projective and transposition
invariant theory to unify gravity and electromagnetism and then break projective invariance explicitly.
‘Spacetime’ will emerge with its geometrical properties determined by the stress-energy of matter (as
in the Einstein theory) as well as by the torsion tensor ΓµΓν . Instead of introducing the quantities
Uλµν to have transposition invariance, Bose achieved transposition invariance by writing the invariant
action in the form
2κI =
1
2
[
g¯µνEµν + g¯
νµE˜νµ
]
+ a sµνΓµΓν + b a
µν(Γµ,ν − Γν,µ) (16)
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where κ = 8πG/c4, and a, b are arbitrary dimensionless constants, but this action is not projective
invariant unless a = 0 because
Γλ∗µλ = Γ
λ
µλ + λ, µ,
Γλ∗[µλ] = Γ
∗
µ = Γµ + λ, µ, (17)
and hence Γµ,ν − Γν,µ is projective invariant but not ΓµΓν . As shown in the Appendix (Part 1), the
action (16) can be expressed in terms of the Ricci tensor
Rµν = Γ
λ
(µν), λ − Γλ(µλ), ν + Γξ(µν)Γλ(ξλ) − Γξ(µλ)Γλ(ξν) (18)
and its antisymmetric counterpart
Qλµν; λ = Q
λ
µν, λ −QλµξΓξ(λν) −QλξνΓξ(µλ) +QξµνΓλ(ξλ), (19)
Qλµν = Γ
λ
[µν] +
1
3
δλµΓν −
1
3
δλνΓµ, Q
λ
µλ = 0 (20)
as
2κI = sµν
[
Rµν −QλµξQξλν +
(
a+
1
3
)
ΓµΓν
]
+ aµν
[
Qλµν; λ +
(
b− 1
6
)
[Γµ,ν − Γν,µ]
]
≡ sµν
[
Rµν −QλµξQξλν + xΓµΓν
]
+ aµν
[
Qλµν; λ − y(Γµ,ν − Γν,µ)
]
(21)
with x = a + 1
3
, y = −(b − 1
6
). Then using the action principle δI = δ
∫ L d4x = 0, and varying sµν
and aµν independently while keeping the connections fixed give the field equations
Rµν −QλµξQξλν + xΓµΓν = Rµν − Γλ[µξ]Γξ[λν] + aΓµΓν = 0, (22)
Qλµν; λ − y(Γµ,ν − Γν,µ) = 0. (23)
Notice that torsion contributes to the first equation (22) (gravity) but equation (23) has no contri-
bution from the symmetrical part. If one sets a = 0, one obtains equations that are projective and
transposition invariant. We will assume this to be the case to start with. Thus, there is only one free
parameter in the theory, namely b which the symmetries permit. We will see in what follows that this
is the optimal formulation that is consistent with EEP. Once the matter Lagrangian is introduced,
projective symmetry will be broken, and a term proportional to ΓµΓν will occur in eqn. (22) with a
coefficient determined by the strength a of the symmetry violation. Note that the symmetries of the
theory do not require Γµ to vanish. The consequences will be explored in the following.
The gravitational sector
Since Γµ = Γ
λ
[µλ], one can write
Γλ[µξ] =
1
3
(
Γµδ
λ
ξ − Γξδλµ
)
(24)
and hence
Γλ[µξ]Γ
ξ
[λν] = −
1
3
ΓµΓν . (25)
In the presence of matter eqn. (22) can therefore be writen as
Rµν + xΓµΓν = κTµν (26)
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This equation implies that R = −xΓ + κT where R = g(µν)Rµν , T = g(µν)Tµν , Γ = g(µν)ΓµΓν and
hence it can be rewritten in the form
Gµν + g(µν)λ = κTµν − xΓµΓν . (27)
Gµν = Rµν − 1
2
g(µν)R,
λ =
1
2
R =
1
2
(κT − xΓ) . (28)
With the choice (24) the traceless torsion Qλµν = 0 and eqn.(23) reduces to
Γµ,ν − Γν,µ = 0. (29)
Hence, Γµ is an irrotational pseudovector. As we will see in the section on electromagnetism, Γ0 is
essentially a magnetic monopole density, and hence there is a Dirac string and space is not simply
connected. Let S = R3\ {(0, 0, z ≤ 0)|z ∈ R} be the usual 3-dimensional space with the negative
z-axis removed. Then the curl-free vector Γ = −∇Φ, ∇2Φ = 0 has vortex solutions Γ = eφ/r where
eφ is a unit vector, and the integral over a unit circular path C enclosing the origin is
∮
C
Γ.eφ dφ = ±2π. (30)
Hence, Γ is quantized in units of 2π though it is still conservative in every subregion of S that
does not include the origin and the Dirac string. Similarly, there will be quantized vortices in the
(x, t), (y, t) planes. The implications of all this in classical optics and weak gravitational fields will
be elaborated in separate papers to follow [23].
The equations of connection
In order to derive the equations connecting the metric g and the connections Γ, one can use a
generalized variation (as shown in the Appendix (Part 2)) to derive the equations
gµν, λ + g
µαΓ′ νλα + g
ανΓ′ µα λ = g
µνPλ (31)
where
Γ′ νλα = Γ
ν
(λα) +
1
4
√−g
(
g[λβ]k
βδνα + λ↔ α
)
+
1
4
√−g
(
g[λβ]k
βδνα − λ↔ α
)
+Q νλα +
1√−g (gλβk
βδ να − gαβkβδνλ), (32)
Γ′ µα λ = Γ
µ
(αλ) +
1
4
√−g
(
g[λβ]k
βδµα + λ↔ α
)
+
1
4
√−g
(
g[λβ]k
βδµα − λ↔ α
)
+Q µα λ +
1√−g (gβαk
βδ µλ − gλβkβδµα) (33)
are the new connections and
Pλ =
1
2
√−g
(
g, λ
g
+ 3g[λβ]k
β
)
. (34)
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These new connections Γ′ are clearly not metric compatible. One can define the tensors
Kνλα =
1
4
√−g
(
g[λβ]k
βδνα + λ↔ α
)
+K νλα ,
K νλα =
1
4
√−g
(
g[λβ]k
βδ να − λ↔ α
)
+Q νλα +
1√−g (gλβk
βδ να − gαβkβδνλ)
Kµαλ =
1
4
√−g
(
g[λβ]k
βδµα + λ↔ α
)
+K µα λ
K µα λ =
1
4
√−g
(
g[λβ]k
βδµα − λ↔ α
)
+Q µα λ +
1√−g (gβαk
βδµλ − gλβkβδµα), (35)
where Ks are called contorsion tensors.
Since the path-free notion of parallelism must hold locally, i.e. in the infinitesimal neighbourhood
of every point on the manifold with coordinates, it is sufficient to impose the metric compatibility
condition locally. Then, Pλ = 0,
gµν, λ + g
µαΓ′ νλα + g
ανΓ′ µα λ = 0, (36)
and it follows from eqn. (34) that
3g[λβ]k
β = −g, λ
g
. (37)
The electromagnetic sector
Using the variational principle, it can also be shown (see Appendix (Part 2)) that the relevant
part of the Lagrangian density for electrodynamics is
Lem =
1
2κ
[
yaµν,λ (Γµδ
λ
ν − Γνδλµ) + xsµνΓµΓν
]
, (38)
and varying it w.r.t. Γµ, one gets
aµν; ν = θs
µνΓν =
1
2
θ
√−gΓµ, θ = −x
y
, (39)
Γα(λα) =
1
2
(
g, λ
g
+ g[λβ]k
β
)
. (40)
Eqn. (39) can be written in the form
F˜ µν; ν = l
µ (41)
with
F˜ µν = ζaµν , (42)
lµ =
1
2
θ
√−gζΓµ, (43)
where the constant ζ has the dimension of kg/C. The most natural choice would be ζ = 1/
√
4πǫ0G
where G is the gravitational constant and ǫ0 is the absolute permittivity of space. Its current value
is 1.16 × 1010 kg.C−1. There is, as we will see, astrophysical evidence that the value of the scale
parameter ζ is indeed 1/
√
4πǫ0G.
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It follows from eqn. (41) that lµ, µ = 0. Since l
µ is a pseudovector, the field F˜ µν is a pseudo tensor.
Defining the fields
F˜ 0i = −Bi, F˜ ij = 1
c
ǫijkEk, (44)
one gets from (41) and the definition lµ = (−µ0ρm,−jm/cǫ0) the equations
∇×E+ ∂B
∂t
= − 1
ǫ0
jm, ∇.B = µ0ρm. (45)
Hence, by comparison with electrodynamics, we can interpret lµ as a magnetic current density and
F˜µν as the dual of the electromagnetic field. The magnetic charge is conserved because the divergence
of the magnetic current lµ vanishes identically. Eqn. (29) imposes a certain constraint on this
magnetic current which will be explored elsewhere [23].
Equations (41), and hence also equations (45), can be written in the form
Fµν, λ + Fνλ, µ + Fλµ, ν = ǫµνλρl
ρ, (46)
F˜ µν =
1
2
ǫµνλρFλρ, (47)
where ǫµνλρ is the Levi Civita tensor density with components ±1. This equation reduces to the well
known Bianchi identity in electrodynamics only if Γµ = 0.
It can be easily checked (using the relations (10)) that the electric current density jµ in this theory
is given by
jµ =
1
3!
ǫµνλρ
(
F˜νλ, ρ + F˜λρ, ν + F˜ρν, λ
)
(48)
=
1
3!
ζǫµνλρ (aνλ, ρ + aλρ, ν + aρν, λ) (49)
= F µν, ν . (50)
Writing jµ = (−ρq/cǫ0,−µ0jq) and using the definitions
F 0i = −E
i
c
, F ij = −ǫijkBk, (51)
one then obtains
∇×B− 1
c2
∂E
∂t
= µ0jq, ∇.E = 1
ǫ0
ρq. (52)
These equations can also be written in the form
F˜µν, λ + F˜νλ, µ + F˜λµ, ν = ǫµνλρj
ρ. (53)
It is clear from this that the dual fields F˜ do not satisfy the standard Bianchi identity because jµ 6= 0.
The Maxwell equations thus acquire a new geometric significance. (The matrix representations of
the fields F µν and F˜ µν used in this paper are given at the end of the Appendix.)
Thus, the full set of Maxwell’s equations in the presence of electric and magnetic currents are
equivalently described by one of the following combinations of equations: eqns (45) and (52); or eqns.
(41) and (50); or eqns (46) and (53); or eqns (41) and (53); or eqns (46) and (50).
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The equations (45) and (52) are together invariant under the generalized (Heaviside) duality
transformations [24]
E → cB,
cB → −E,
(ρq, jq) → (ρm, jm),
(ρm, jm) → (−ρq,−jq). (54)
This symmetry is therefore a consequence of the unified theory. One can define potentials in the
usual way through the relations
Fµν = ∂µAν − ∂νAµ, (55)
but they turn out to be singular in this theory. According to this definition, a static magnetic field
due to a charge g is given by
~B = g
r
r3
= ∇×A. (56)
But eqn. (45) contradicts this. It is well known that the solution is the famous Dirac potential [27]
which can be written in spherical polar coordinates as
Aφ =
g
r
tan
θ
2
φˆ, Ar = Aθ = 0 (57)
whose solution gives
Br = g
r
r3
, Bφ = Bθ = 0. (58)
This potential is singular along the negative z axis characterized by θ = π, called the Dirac string
which is a semi-infinite line of magnetic dipoles ending in a monopole at the origin. In the field
theory under consideration, the potential will be non-holomorphic in general, and instead of a single
monopole, there will be a magnetic density at the origin. Everywhere other than where the potential
is non-holomorphic, it will be the standard electromagnetic potential. Hence, the potential due to a
magnetic moment ~µ far from the origin is given by the standard expression
Ai =
µ0c
4π
(~r × ~µ)i
r3
= −
∫
Eidx
0. (59)
Since the potential is gauge dependent, its singularity can be chosen to take any convenient form.
We will discuss the classical ‘quantization’ (in the sense of discretization) of charge and angular
momentum in classical optics in an accompanying paper [23].
Einstein’s Equivalence Principle
Let us now see if this unified theory incorporates EEP. Although the connections in the theory
are non-symmetric, the geodesic of a test particle in a coordinate frame is determined in this theory
by
aλ =
d2xλ
ds2
= −Γ′λµν
dxµ
ds
dxν
ds
= −
(
Γλ(µν) +
1
8
(
aµβk
βδλν + µ↔ ν
))
uµuν
≡ − (Γλ(µν) + Γ¯λ(µν)) uµuν (60)
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because the antisymmetric part of the connection does not contribute to the geodesic. Thus, the
acceleration is universal and consists of two components: the first component is the familiar Einstein
gravitational acceleration and the second component is an additional gravitational acceleration that
is induced by the antisymmetric part aµν of the metric tensor density and the vector k
β = θsβνΓν .
Since (Γλ(µν)+Γ¯
λ
(µν)) is symmetric in the lower indices, the Weyl theorem [28] guarantees that it can
be made to vanish in the neighbourhood of a point on the manifold by a coordinate transformation,
and hence all observable effects of gravity, including those originating in electromagnetism, can be
transformed away in that neighbourhood by a coordinate transformation. This can be explicitly
demonstrated as follows.
First note that combining eqns. (37) and (40), one has locally
Γα(λα) = g[λβ]k
β. (61)
Now, let p be a point on the manifold M(Γ, g) and let (U, χ = (xµ)) and (U ′, χ′ = (x′µ)) be two
intersecting local charts with p ∈ U , xµ(p) = 0, x′µ(p) = 0 and
xµ = x′µ − 1
2
Γµ(νρ)x
′νx′ρ (62)
because torsion does not contribute to this change of coordinates. Writing gµν(p) = ηµν + · · · and
remembering that Γλ(µν)(p) can be made to vanish by Weyl’s theorem, one gets on using equations
(36) and (61),
g′µν(x′λ) = ηµν + g′µν,λ (p)x
′λ +O(x′2)
= ηµν +
[−gµαΓ′ νλα − gανΓ′ µα λ]p x′λ +O(x′2) (63)
= ηµν −
[
gµν
1
4
√−g
(
g[λβ]k
βδνα + λ↔ α
)]
p
x′λ +
[
−η(µα)K ν[λα] − η(αν)K µ[α λ]
]
p
x′λ +O(x′2)
≡ ηµν
[
1 +
1
4
√−g
(
Γδ(λδ)δ
ν
α + Γ
δ
(αδ)δ
ν
λ
)
x′λ
]
p
− [(K µνλ +Kνµλ)]p x′λ +O(x′2) (64)
= ηµν +O(x′2). (65)
Thus, the additional gravity induced by electromagnetism can also be transformed away locally.
Thus, both gravity and electromagnetism are geometric structures of the theory, gravity cor-
responding to the symmetric Riemannian part of the manifold and electromagnetism to its anti-
symmetric part together with Γµ 6= 0 which implies a magnetic current density. This ensures that
the acceleration of a charged test particle by a locally homogeneous gravitational field produced by
‘electro-gravity’ is physically indistinguishable from that of a free test particle at rest in a comoving
coordinate system, which is the physical content of EEP.
4 Some Predictions
(i) Spherically symmetric and static solution
Outside a spherically symmetric body of mass M , the gravitational field equation is given by
eqn. (26) with Tµν = 0. A spherically symmetric and static solution of the equation requires the line
element to be given by
ds2 = −c2e2mdt2 + e2ndr2 + r2dφ2 + r2sin2φ dθ2 (66)
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where m and n are functions of r, not t. Thus, all off-diagonal elements of gµν vanish and the diagonal
elements are all time independent. In order to calculate the elements of the Ricci tensor Rµν , one
must first calculate the Christoffel symbols from gµν by using the connection between them, which
in this theory is given by eqn. (36). Since the off-diagonal elements of gµν vanish, all g[µν] = 0 and
eqn. (36) reduces to
g
(µν)
, λ + g
(µα)
(
Γ′ ν(λα) +Kνλα
)
+ g(αν)
(
Γ′µ(αλ) +Kµαλ
)
= 0, (67)
Interchanging µ and ν, we get
g
(µν)
, λ + g
(να)
(
Γ′µ(λα) +Kµλα
)
+ g(αµ)
(
Γ′ ν(αλ) +Kναλ
)
= 0. (68)
Adding these two equations and using the antisymmetry of K in the lower indices, one has
g
(µν)
, λ + g
(µα)Γ′ ν(αλ) + g
(να)Γ′µ(αλ) = 0, (69)
from which it follows (on cyclically varying the free indices and summing)) that
Γ′λ(µν) =
1
2
g(λβ)
(
g(µβ), ν + g(νβ), µ − g(µν), β
)
= 0 (70)
which is the standard expression in Riemannian geometry. Putting Γi = 0 for a static solution and
following the standard procedure [29], one obtains the equations
R00 = e
2m−2n
(
−m′′ +m′n′ −m′2 − 2m
′
r
)
= −xΓ20 6= 0, (71)
R11 =
(
m′′ −m′n′ +m′2 − 2n
′
r
)
= 0, (72)
R22 = e
−2n (1 +m′r − n′r)− 1 = 0, (73)
R33 =
[
e−2n(1− n′r +m′r)− 1)] sin2φ = 0, (74)
where the prime denotes a derivative with respect to r. It follows from (71) and (72) that
e2m−2n
(
dm
dr
+
dn
dr
)
=
x
2
rΓ20. (75)
Integrating with respect to r and remembering that as r → ∞, m → 0 and n → 0 to ensure an
asymptotically flat metric, one gets
e−2n − e2m = x
∫
∞
0
rΓ20dr. (76)
Since m and n are very small in the asymptotic region, one can write e2m ≃ 1+2m and e−2n ≃ 1−2n,
and hence we have
m+ n = −x
2
∫
∞
0
rΓ20dr ≡ −β∞ 6= 0 (77)
where β∞ is a constant. It follows from this and eqn. (73) that n
′ = −m′ and hence
e2(m+β∞) (1 + 2m′r) = 1. (78)
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Since
d
dr
(
re2(m+β∞)
)
= e2(m+β∞) (1 + 2m′r) = 1, (79)
one gets on integrating with respect to r
e2m =
(
1 +
α
r
)
e−2β∞ (80)
where α is an integration constant. Therefore,
e2n = e−2(β∞+m) =
(
1 +
α
r
)
−1
. (81)
Choosing α = −2GM/c2, one obtains
ds2 = −c2
(
1− 2GM
c2r
)
e−2β∞dt2 +
(
1− 2GM
c2r
)
−1
dr2 + r2dφ2 + r2sin2φ dθ2, (82)
which reduces to the Schwarzschild metric in the limit Γ0 = 0. Notice that even in the absence of
the conventional stress-energy tensor Tµν (in this case T00 = ρc
2 = 0 and hence M = 0) which is the
source of Einstein gravity, the metric is modified—the nonlocally measured speed of light c′ = ce−β∞
is different from its local value c, or equivalently, the the time interval is changed from dt to e−β∞dt.
Eqn. (77) shows that β∞ > 0 if the abitrary parameter x(= a +
1
3
) > 0. Thus, c′ < c requires that
x > 0.
Notice that
1− 2GM
c2r
= 1 +
2φ
c2
, (83)
φ = −GM
r
, (84)
φ being the gravitational potential of the mass M at the centre of the body. Hence, defining φ¯ =
−β∞c2, we have
ds2 =
(
1 +
2φ
c2
)
e2φ¯/c
2
dt2 + · · · (85)
=
(
1 +
2φ
c2
+
2φ¯
c2
+
1
2!
4φ¯2
c4
+ · · ·
)
dt2 + · · · (86)
For φ¯/c2 ≪ 1, the higher order terms in φ¯/c2 can be ignored. Thus, in the limit of weak gravity, φ¯
is an additional gravitational potential which is not due to any additional matter—it is produced by
the torsion pseudovector Γµ in the U4 manifold and is present even when the stress-energy tensor of
matter is absent. It plays a dual role—it produces the magnetic current density in the electromagnetic
sector and an additional gravitational potential in the gravity sector. It is the agent that links gravity
and electromagnetism.
Since φ¯ is a constant, in analogy with Newtonian gravity it is possible to write it as
φ¯ = −GMeff(r)
r
, Meff(r) ∼ r, (87)
where Meff(r) is an effective mass. For a spherical galaxy having an effective mass of density ρeff(r),
the effective mass inside a radius r is
Meff(r) =
4
3
πr3ρeff(r), (88)
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and hence ρeff(r) ∼ r−2 so that Meff(r) ∼ r. It follows at once from this that the velocity of a test
particle (a star) at a distance r from the centre of such a galaxy is
v =
√
GMeff(r)
r
= constant. (89)
Thus, the theory predicts flat rotation curves of stars at large distances from the centre of such a
galaxy. This is, of course, true only in the weak gravity limit. Eqn. (86) predicts higher order
corrections. Since such a galaxy is not made of ordinary matter, it must be non-luminous.
Let Γ20(r) be a bell-shaped function like Γ
2
0(0)e
−µr2 , µ > 0. Then,
β∞ =
xΓ20(0)
2
∫
∞
0
re−µr
2
dr =
xΓ20(0)
4µ
= − φ¯
c2
. (90)
and
β(r) =
xΓ20(0)
2
∫ r
0
re−µr
2
dr = β∞
[
1− e−µr2
]
= − φ¯(r)
c2
. (91)
Thus, there is a gravitational potential φ¯(r) around a spherical static body whose asymptotic value
is φ¯. One can interpret this as a dark halo of gravitational tidal field acting like a weak gravitational
lens.
Since Γ = ΓνΓν = Γ
2
0 when Γi = 0 and T = 0 for the vacuum solution, the value of the scalar
field λ, defined by eqn. (28), at the origin determines the constant β∞:
β∞ =
1
2µ
λ(0). (92)
(ii) The Robertson-Walker metric and cosmlogy
The metric of a homogeneous and isotropic universe is given by the metric [30]
ds2 = −c2dt2 + a2(t)
[
dr2
1− kr2 + r
2dΩ2
]
(93)
where a(t) is the scale factor and k = ±1 or 0. The modified Einstein equations (26) shows that even
when when Tµν = 0, there is a stress-energy tensor
T (0)µν = −xΓµΓν , (94)
T
(0)
ii = −xΓ2i ≡ −
xγ
κ
(95)
with γ = κΓ21 = κΓ
2
2 = κΓ
2
3 to ensure isotropy. The modified Friedmann equations are
a˙2
a2
=
κ
3
ρc2 − kc
2
a2
+
xγ
3κ
, (96)
a¨
a
= −κ
6
(
ρc2 + 3p
)
+
xγ
3κ
. (97)
The first of these equations can be written in the form
a˙2
a2
=
κ
3
ρc2 − kc
2
a2
+
Λc2
3
+ · · ·
Λ =
xγ0
κc2
(98)
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where Λ is the cosmological constant, γ0 is the zero-mode of the field γ, and the dots represent the
higher modes of γ. The equation of state for the zero mode of the field γ is ρc2 = −p = x(γ)0/κ, i.e.
w = −1 and represents ‘dark energy’ [31]. When ρ and k are both zero, i.e. the universe is empty
and spatially flat, one obtains the de Sitter solution only if the higher order modes of γ are negligible.
Thus, the scalar field Γ not only determines a cosmological constant accounting for some ‘dark
energy’, it also determines an additional gravitational potential of non-material origin responsible
for ‘dark matter’-like phenomena [32]. In addition, the field Γ also predicts perturbations to a
homogeneous and isotropic cosmic microwave background radiation caused by its higher order modes.
(iii) Casimir Effect
The Casimir effect is usually explained as the change in the spectrum of zero-point fluctuations
of quantum fields brought about by material boundaries [33]. This change requires the occurrence of
vacuum energy in the first place, and quantum field theory is the only theory known so far to give
rise to it. However, the calculations give a result some 10122 times larger than the observed value,
though contributions from other fields may lower this value [34]. An alternative to quantum field
theory that naturally entails vacuum energy is the unified classical theory under consideration, as
shown above. The question that arises therefore is whether this theory can explain the Casimir effect.
The answer is positive and a simple argument will now be given. Consider the time-time component
of the stress-energy tensor (eqn. (94))
T
(0)
00 = −xΓ20 ≡ −
xǫ
κ
. (99)
Consider a gedanken Casimir cavity that allows only the zero or lowest-mode of the vacuum field
Γ0 inside. Writing ǫ = ǫ0 + ǫ
′ where ǫ0 is the energy density inside the cavity, let us consider the
difference
x
κ
ǫ′ =
x
κ
(ǫ− ǫ0) 6= 0. (100)
This is therefore an expression for the Casimir effect. Cosmological observations indicate that ǫ′ is
extremely small and positive.
(iv) Schuster-Blackett-Wilson Relation
It is well known that for weak gravitational fields one can write g(µν) = ηµν + hµν where h is a
perturbation on the Minkowski metric η, and the gravitational field equations reduce to Maxwell-like
forms
2F µνg = ∂
µAνg − ∂νAµg , (101)
∂µF
µν
g = −4πGjν , (102)
where Agµ = (−Ag0,Ag), Ago = φg. In analogy with electrodynamics, one can also define the fields Eg
and Bg by
Eg = −∇Φg − 1
c
∂
∂t
(
1
2
Ag
)
, (103)
Bg = ∇×Ag, (104)
with
Agi = −
1
2
c2h(0i) = −1
2
c2g(0i) = −2
∫
Egidx
0. (105)
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These are called respectively the gravitoelectric and gravitomagnetic fields [35]. The main difference
with Newtonian gravity is the existence of the gravitomagnetic fieldBg. Some fundamental differences
with electrodynamics are reflected in the minus sign in (102) (gravity is always attractive) and factors
of 2 because gravitational waves are radiated by quadrupoles.
In the unified theory under consideration the universal dimensional parameter connecting the
electromagnetic field to the metric components (and therefore to the gravitational field) being ζ |aˆ|
(eqn. (42)), the ratio of the gravitational and electromagnetic accelerations Egi and Ei is fixed to be
Egi
Ei
=
1
ζ
. (106)
It follows from eqns (59) and (105) therefore that
Agi
Ai
=
2
ζ
. (107)
Now, the gravitomagnetic vector potential Agi at a large distance from a small rotating body of
angular momentum ~J is given by [36, 37]
Agi = −
G
c
(~r × ~J )i
r3
. (108)
and the electromagnetic potential at a large distance from a magnetic moment ~µ is given by (59).
If θJ and θµ are the angles between the radius vector ~r and ~J and ~r and ~µ respectively, and β =
(sinθJ/sinθµ), eqn. (107) predicts that the gyromagnetic ratio of the body is given by
γ =
|~µ|
| ~J | ≃
1
2ζ
β =
√
G
2
√
k
β = 4.3× 10−11β C/kg, (109)
where k = 1/4πǫ0. This is the empirical Schuster-Blackett-Wilson relation if the factor β is of order
unity. This empirical law is valid for an amazingly wide variety of astronomical bodies [38, 39].
Einstein had proposed a similar relationship in 1924 to account for terrestrial and solar magnetism
[40].
An immediate implication of this is that slowly rotating spherical and electrically neutral bodies
generate both gravitational and magnetic fields. This provides a possible unified theoretical ba-
sis of the origin of cosmic magnetic fields that pervade the universe and of the intense magnetic
fields near rotating black holes, connected with quasars and gamma-ray bursts for whose origin
the Schuster-Blackett-Wilson relation has been used as a mechanism for non-mimimal gravitational-
electromagnetic coupling (NMGEC) [41, 42, 43]. Furthermore, the unified theory unequivocally
predicts the presence of primordial magnetic fields and curlless magnetic currents (29) which should
have important consequences for CMBR anisotropis [44] and other cosmic phenomena.
5 Concluding Remarks
I have argued that radiation by uniformly accelerated charged particles is a strong indication to look
for a geometric unification of gravity and electromagnetism right at the classical level. Such a theory,
based on a metric-affine U4 manifold, has been constructed. It is a variation of the theory proposed
by S. N. Bose in 1953, and some of its physical implications have been worked out. The theory differs
from the one proposed by Einstein [21] mainly in admitting a non-vanishing torsion pseudovector Γµ
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which links gravity and electromagnetism. As we have seen, this leads to a modification of Einstein
gravity with a cosmological constant which is the zero-mode of the scalar field Γ = ΓµΓµ, implying
an accelerated expansion of the universe, and hence to a simple understanding of ‘dark energy’ and
CMBR perturbations, albeit qualitative at this stage.
A spherically symmetric and static solution of the modified Einstein equation leads to a qualitative
understanding of also ‘dark matter’-like phenomena such as non-material and hence non-luminous
halos surrounding galaxies, flat rotation curves and weak gravitational lensing. In addition, it also
predicts a Casimir Effect without quantum zero-point fluctuations.
The theory predicts Maxwell’s equations with a magnetic current proportional to Γµ in addition
to an electric current, thus satisfying Heaviside duality, even in the absence of any matter. The
charges are therefore of a geometric or topological nature, and Maxwell’s equations acquire a new
significance.
Thus, the proposed unification of gravity and electromagnetism offers a conceptually simple un-
derstanding of a wide range of physical phenomena including both ‘dark matter’ and ‘dark energy’,
two of the most outstanding problems in physics today. At the same time it also predicts the long
conjectured Schuster-Blackett-Wilson relation for the gyromagnetic ratio of a striking number of
rotating astrophysical bodies, opening up the possiblity of further investigations into the origin of
cosmic magnetic fields and their effects on CMBR anisotropies.
The implications for classical optics and weak gravitational fields have also been worked out and
will be elaborated in separate papers to follow.
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7 Appendix
Part 1
The generalized Ricci curvature tensor on M(Γ, g) is
Eµν = Γ
λ
µν, λ − Γλµλ, ν + ΓξµνΓλξλ − ΓξµλΓλξν. (110)
By transposition it is converted into
E˜νµ = Γ
λ
νµ, λ − Γλλµ, ν + ΓξνµΓλλξ − ΓξλµΓλνξ. (111)
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Therefore consider the invariant
1
2
[
g¯µνEµν + g¯
νµE˜νµ
]
=
[
sµν(Eµν + E˜νµ) + a
µν(Eµν − E˜νµ)
]
= sµν
[
Rµν − Γ λ[µξ] Γ ξ[λν]
]
+ aµν
(
Γλ[µν], λ − Γλ[µλ], ν + ΓξµνΓλξλ − ΓξµλΓλξν − ΓξνµΓλλξ + ΓξλµΓλνξ
)
= sµν
[
Rµν − Γ λ[µξ] Γ ξ[λν]
]
+ aµν
[
Γλ[µν], λ −
1
2
(Γλµ, ν − Γλν, µ) +QξµνΓλ(ξλ) −QλµξΓξ(λν) −QλξνΓξ(µλ)
]
= sµν
[
Rµν − Γ λ[µξ] Γ ξ[λν]
]
+ aµν
[
Qλµν; λ −
1
6
(Γλµ, ν − Γλν, µ)
]
(112)
where
Rµν = Γ
λ
(µν), λ − Γλ(µλ), ν + Γξ(µν)Γλ(ξλ) − Γξ(µλ)Γλ(ξν), (113)
Qλµν = Γ
λ
[µν] +
1
3
δλµΓν −
1
3
δλνΓµ, (114)
Qλµν; λ = Q
λ
µν, λ −QλµξΓξ(λν) −QλξνΓξ(µλ) +QξµνΓλ(ξλ)
= Γλ[µν], λ +
1
3
δλµΓν, λ −
1
3
δλνΓµ, λ + · · ·
= Γλ[µν], λ −
1
3
(Γµ, ν − Γν, µ) +QξµνΓλ(ξλ) −QλµξΓξ(λν) −QλξνΓξ(µλ),
QλµξQ
ξ
λν =
(
Γ λ[µξ] +
1
3
δλµΓξ −
1
3
δλξ Γµ
)(
Γ ξ[λν] +
1
3
δξλΓν −
1
3
δξνΓλ
)
=
(
Γ λ[µξ] Γ
ξ
[λν] −
1
3
ΓµΓν
)
. (115)
Hence,
κI = sµν
[
Rµν −QλµξQξλν + (a +
1
3
)ΓµΓν
]
+ aµν
(
Qλµν; λ + (b−
1
6
)[Γµ,ν − Γν,µ]
)
. (116)
Part 2
Let
κI = H +
dXλ
dxλ
(117)
with
Xλ = sµνΓλ(µν) − sµλΓν(µν) + aµν
[
Qλµν − y(Γµδλν − Γνδλµ)
]
H = −sµν, λΓλ(µν) + sµλ, λΓν(µν) + sµν
(
Γξ(µν)Γ
λ
(ξλ) − Γξ(µλ)Γλ(ξν) −QλµξQξλν + xΓµΓν
)
− aµν, λ
[
Qλµν − y(Γµδλν − Γνδλµ)
]
+ aµν
[
−QλµξΓξ(λν) −QλξνΓξ(µλ) +QξµνΓλ(ξλ)
]
Thus, H is free of the partial derivatives of Γλ(µν), Q
λ
µν and Γµ, and the four-divergence term in the
action integral is equal to a surface integral at infinity on which all arbitrary variations are taken to
vanish.
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Now, it follows from the definition of Qλµν that Q
λ
µλ = 0, and hence all the 24 components of Q
λ
µν are
not independent. Remembering that these four relations must always hold good in the variations of
the elements Γλ(µν), Q
λ
µν ,Γµ, one can use the method of undetermined Lagrange multipliers k
µ to
derive the equations of connection by varying the function
H − 2kµQλµλ, (118)
namely by requiring
δ
∫ (
H − 2kµQλµλ
)
d4x = 0. (119)
It is easy to see that variations of H w.r.t Γλ(µν), Q
λ
µν and Γµ give respectively the three equations
sµν, λ + s
µαΓν(λα) + s
ανΓµ(αλ) − sµνΓα(λα) = −[aµαQ νλα + aανQ µα λ] (120)
aµν, λ + a
µαΓν(λα) + a
ανΓµ(αλ) − aµνΓα(λα) − kµδνλ + kνδµλ = −[sµαQ νλα + sανQ µα λ] (121)
and
yaµν, ν + xs
µνΓν = 0. (122)
It follows from these equations that
sµα,α + s
αβΓµ(αβ) + a
αβQµαβ = 0, (123)
aµν, ν = 3k
µ, (124)
which imply
kµ, µ = 0. (125)
Adding (120) and (121), we get
g¯µν,λ + g¯
µα
(
Γν(λα) +Q
ν
λα
)
+ g¯αν
(
Γµ(αλ) +Q
µ
α λ
)
− g¯µνΓα(λα) − kµδνλ + kνδµλ = 0, (126)
where g¯µν =
√−ggµν (ref eqn. 10). Multiplying (126) by g¯µν and using the results
g¯µν g¯µλ = δ
ν
λ, g¯
µν g¯λν = δ
µ
λ , Q
λ
αλ = 0, (127)
gµαgαβk
β = kµ, gανgβαk
β = kν , (128)
we first observe that
Γα(λα) =
1
2
(
g¯µν g¯
µν
,λ + g[λβ]k
β
)
=
1
2
(
g, λ
g
+ g[λβ]k
β
)
. (129)
Hence, (126) takes the form
gµν, λ + g
µαΓ′ νλα + g
ανΓ′ µα λ = g
µνPλ
where
Γ′ νλα = Γ
ν
(λα) +
1
4
√−g
(
g[λβ]k
βδνα + λ↔ α
)
+
1
4
√−g
(
g[λβ]k
βδνα − λ↔ α
)
+Q νλα +
1√−g (gλβk
βδ να − gαβkβδνλ),
Γ′ µα λ = Γ
µ
(αλ) +
1
4
√−g
(
g[λβ]k
βδµα + λ↔ α
)
+
1
4
√−g
(
g[λβ]k
βδµα − λ↔ α
)
+Q µα λ +
1√−g (gβαk
βδ µλ − gλβkβδµα),
Pλ =
1
2
√−g
(
g, λ
g
+ 3g[λβ]k
β
)
. (130)
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If one imposes the metricity condition Pλ = 0, it follows from eqn. (129) that
Γα(λα) = −g[λβ]kβ. (131)
Finally, we give the matrix forms of the electromagnetic field tensors used:
F µν =


0 −Ex/c −Ey/c −Ez/c
Ex/c 0 −Bz By
Ey/c Bz 0 −Bx
Ez/c −By Bx 0

, F˜ µν = 12ǫµνλρFλρ =


0 −Bx −By −Bz
Bx 0 Ez/c −Ey/c
By −Ez/c 0 Ex/c
Bz Ey/c −Ex/c 0


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